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1.      Introdr tion 

The previcas paper;   [1],   [T   ,  and ^]  .ere conceiaed with  -olution 

concepts  for finite  (n-person)  games.    (1J  and  [2] developed a new class 

of solution concepts,  termed nuclei, which were determined by a family of 

mathematical programming problems  involving conditions on the excesses of 

coalition values with respect  to payoff vectors.    These concepts included 

convex nuclei, convex separable nuclei, the special case of quadratic 

njclei,  and Schmeidler's  [4]  nucleolus.    An earlier development  [3] dealt 

..itli  the solution concept ui   the core of ;;n n-perbon game,  using r.iie duality 

theory of linear programming to characterize the core via Shapley's  [5] 

minimal balanced collections  and to answer,  in the affirmative, a conjecture 

by Shapley on the sharpness of proper minimal balanced collections.    In that 

papei,  a proper operator M(-), defined on coalitions, was introduced to 

characterize the redundancy of certain coalition inequalities.    Roughly 

speaking, M   .jsociates with each cc ..lition the best weighted value among 

all col lections which art balance, with resptct   .o the argument flaying the 

role of grand coalition.    D. Schmeidler [6] has defined a game with an 

arbitrary set of players, and has extended the solution concept of the 

core and the notion of a balanced game to this case.    He has shown that 

an infinite game for which the range of values of the coalitions is non- 

negative and bounded has non-empty core if and only if it is balanced. 

His proof,  based on arguments usu^'ly used to prove the liahn-Banach theorem, 

extends   the Cnarnes-Kortanek Ii-operator as defined in   [3]   to this situation. 

In this paper we define the notion of a  "weakly balanced game" under 

very general conditions involving no topology whatever.    Using the M-operator, 

we further extend the work of Schmeidler by establishing duality results for 



2 

a pair of (possibly) infinite dime sional linear prograiaming "njblems 

arising from a generalized game. A necessary and sufficient condition 

is given in order that a separating hyperplane argument can be employed 

to prove the existence of a candidate core member for a weakly balanced 

game. This candidate is shown to be in the core if and only if the game 

is balancpd.  No use is made of topological i>'eas, but conditions are given 

under n-hic the . .)re leiubcr t^kes '". valres in a bounded set. 

Analogous to results in the n-player case, we use the CharnJS-Kortanek 

M-operator to characterize the redundancy of certain coalition values in 

restricting core membership. 

. Definitions: Generalized Games, Weakly Balanced Games, Outcome and 
3re of a Generalized Game. 

2 
Core 

We co? ider an arbitrary lin r vector space V. A subset x of 

V, callta the iet of c litions and  i el ler.- X  :n Xi caHed the 

grand coalition, are specified such that the following properties hold: 

A. x spans V; that is, each member of V can be written as a 

linear combination of finitely many members of Xi and 

B. There exists a P e V such that for each X in Y ,  there is 
0 

a finite subset 

{X1     X2)...,X  }    contained   in    x,     non-negative numbers 

n,,  n,,,...,.i   ,    ajul    n* ^  J    such      at 1       2' n 

n 
I n.X.   ♦  n*X = P   , 

.L,  i i o 
i = l 
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Property B can be paraphrased as follows: There is a vector P  such that 

each coalition can be incorporated in an expression of P  as a weighted 

sum  of coalitions, the weights being positive. If an ordering on V is 

induced by the cone spanned by x. property B becomes X e x  -,p >  n*X 

for some n* ^0. Note that B is satisfied if X -X is in x.^Xe 

since P  say be chosen to be X . Given a set v such that A is not 
o o 

satisfied, it will always be possible in this context to restrict attention 

to the space spanned by x, so that with this understanding A can always 

be assumed to hold. In addition to x and X . an arbitrary function 

v fron x to the real numbers, called the payoff function, is given. 

The triple (x, X-; v) is called a generalized game. 

Example 1: 

Let L be a field of subsets of an arbitrary set S, let x, be 

the set of characteristic functions of members of L  and let X  be the ••I o 

characteristic function of    S.    Let   v     be a bounded, non-negative function 

on    x,    with   v     equal to tero en the characteristic function ef the empty 

set and   v1(Xo) positive,    (xj, X0; v^    is Schamidler's [6] femilatien 

of s gas» with infinitely many players, and is a genermlited gase. 

ExMgls 2: 

Let   L   be a collection of subsets of an arbitrary set   S   such that 

if   A e L   them   S - A e [2.    Ut   Xo   and   x2   ^« defined few   ^    as 

1.    v    is eftem called tke characteristic fumctiem of tke game, but this 
term is veserved for its mmre usual ■emminf 1m adSse^ment examples, 
while the term ftyoit is seastiast mmed for what «a will desigmmte 
am am outcesw.    OHT meife tMfstw te fctmMridler's (!]. 
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in example 1, anü let v  be ai«/ -eal valued tunction on x   "hen 

(XT- 
X
 ; v2^  is a generalized game. 

Example 3: 

Let    S    be an arbitrary set,  and  \    =  l^,   1]     = the set  of all 

functions  from    S    into the interval   [0,  1].    Let    v    be an arbitrary 

real valued fi net ion or    x    and    X    t   [0,  i]   .     (x,  X  ,  v)     is  a generalized 

game,   if    X   (S)   =  1    for all    s  e  o    the;i tho value of a coalition at 

s    might  represent the probability that    s    participates  in that coalition. 

In all  three examples,  an appropriate    P      is the characteristic 

function of    S. 

A generalized gmv is  called weakly balanced if 

sup I  n    v(X )|   y    n    ;     =  P  ,     n    > 0,     A    ranges  over all   finite 

sets  indexing members of    x. 

is  finitei   in which  case the sup  is denoted    p   . 

Let       sup y    n    v{X )|     /     nX    =    X,ri    >0,    A ranges over .ill 

finite sets  indeA 

ing members of 

The sup  is well-defined,  since     X    L   x   so the  set   includes    v(X  )   at   least r o o 

In many  cases it   :s possible to eiioos.'    P    =  X   ,   so  that     v    = p    <   ■ oo oo 
But even when this is not possible, the finiteness of v  is a (.onsequenc. 

of the finiteness of p . ro 

This   follows  from the  fact   that     X    t   \    and property 6 which allows 

us  to write 
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Po    = J1  ni Xl +11'Xo-    \' ** I0'      Xi e x- 

For any exj.  ^ssion 
m 

x     =   /    n. X.     x^,   x   ex.   n.     0, 

n n 
by substitution    p      =    T n.  X.  ♦ n* F n-  X.,      and 

o         .t, x    i           ■   ,   j    J i»l j=l  J     J 

n n 
p      >    y    n.  v(X.: +    n* y n. v(XJ. 

0    ~ i=l    1        x j.l J        J 

n 
hence 

By letting the expression of   X      range over all those which are possible, 

we have 

°°      u      >    ■    n,  v(-..j    ♦    n* v        so   v    < » . 
o    - .'•,    i    v i o' o x=l 

The conditions for weak boundedness are essentially conditions on 

the function v, which cannot be chosen arbitrarily for a weakly balanced 

game.    Nonetheless,    v    need not be bounded,  as the following simple example 

shows: 

Let    V    be the real  line,    x *  (X    Jx     .   = N    for    N    a positive 

integer)    and    P      =    X    =  1.    U.    v(XM  J     =   f.l)N N    for    X..  .   e  x. 
O O N-lv N-l 

and   v(X)  = '!    otherwi .e.    To >atisf)  pro^ert^- B, choose    n., ,  a KT * Q 

for   Xj.  . e  x,     so that    nK| i XN ,     =    P   .    Clearly    v    « p    =  1    despite 

the fact that    v    is unbounded above and below. 

Note that  in Example 1, the value of    v      and    p      are unchanged if 

the equality is  replaced by    <.    For,  in this  example, the positive orthant 

in the space    V coincides with the convex cone detemined by      x> 
r 

so if      )     n.   \     •   .« i. J..    (j.   -   J    a; J    X.   c   ,       then 
j=l          J         0 J  " J 

n m 
X - y  n. x.   > y  v. X, 

0    j=l    J     J        1=1    1     1 

for some characteristic vectors X t x and  v > 0. 
i i - 



■H 

Since in this example v is a non-negative function, 

n m n 
I    n. v(X ) * I    v v(X ) >_ I    n. v(X 

j = l J   •'    i = l j=l ■'   •' 
) 

n 
üle  Z n X + I  . X. 

j = l •' ^ 

while  ; n. X. ♦ )  . X. = v  wit . n , v  > 0, 
j      j  ^ — 

Observe also that all  finite games are weakly balanced  (see Proposition 

4 of  [3].) 

An »utcome of a generalized game is a linear functional,    A,    on 

V    such that    A(X )    =    v(X ).    An outcome is  said to be  in the core o o   

of the game if for each    X e Xi       'X)  > v(Xj. 

We will ..e concer. :d with    eiivi.^ co Jitrons  fcr core membership 

of a weakly balanced gtaeralize ' game. 

3,      Formulation as Dual Programs 

Henceforth we consider the weakly balanced game  (x ,  X   • v) . 

Consider the following pair of linear programming problems. 

(I) HD 

inf    x(X ) sup        I    n    v(X  ) 
0 u.      a a 

s.t.       X(X)     >     v(X) 
acA 

A 

v S.t.     £     ',     X     =   X 
JCA 

K     is  a  linear functional  on    V 
n     >  0 

where    A    ranges over all  possible   luute 

index sets  for members of    *. 



For a weakly balanced game, prob lei.» II has  a finite supremum,    v   .    If 

a functional    A    is  I-feasible,  and if    ACX )  = v(X ), then    A    is  an 

outcome in the core of the game    (x, X  ; v). 

Proposition  1: 

Let     Cx.  X   ,  vj    be a weakly ualanc d generalized game.    A necessary 

condition that  its core be non-empty is that    v(X )  » v  . 

Proof; 

Let    X    be I-feasible,  n    =  (n     .....n    )    be II-feasible.    Then 
1 n 

n n n 
A(X )   = A(  y    n      X    )    »    y    n        A(X    )   >    I    n      v(X    ),    by  the  linearity 

0 .L,     a.     a. >,     a, a;     -- ,'*,     a. a.   ' 
li        1        1 1=1       x i        i»l      i 

of    A    a:id th«   non-negaivity o      n.      enc*     A'X )  > «'  . But if A    is in 
o-o 

the core, v(X ) = A(X ) > v , and since X e x, it follows that 
'    o     o—o o 

v > v(X ), so that v = v(X 3. 
o -       oJ ' o        v o 

When    v    = v(X ),    the game is said to be balanced.      In the next 

section it  irs shown that it is sufficient that the game be balanced in 

order that rhe care be non-empty. 

4.      Duality Theory for Weakly balanced Games 

Given a subset  y/. x, the operator    M   :     V ■♦ [- a>, 00] ,   (the extended 

real  line),  is defined as follows. 

Mere    M.     is an extension of the M-operator for finite games defined 
by Charnes-Kortanek  [3], and closely related to Schmeidler's operator 
[6].    T' e M-operator in  [3]  ic  given in the present notation as 

M (X),    where    tj; =    x  -  (X) . 
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M U) = »upi  I r
v 

v (* )| I ^v Yv " x.  nv 1 0' (j ranges over 
^ yeG >    Y yeG ^  >       Y 

all finite index sets of members Y e ij/}  if some appropriate G exists 

and the sup is finite; otherwise M (X) = - «. if no G exists, and 

M (X) ■ ♦ «o if the set is not bounded above.  Note that M (X ) = v . 

The following properties of M  are easily verified: 

(i) M (Xj ♦ X2) > M (Xj) ♦ M (X2)  if at least one term on the 

right is finite. 

(iij If a > 0, then M (aY) « a M (Y). 

(iii) Restricted to any domain for which f'LCX) * - 00, M  is 

concave. 

(iv) Either M.CO) = 0 or M^(0) > 0.  In the latter case if there 

exists X e V such that M (X) > -«, then M (X) = M (X ♦ a-0) > 

M (X) + aW^(O) for any a > 0, which implies ivL(X) « ♦ ". 

(If y n. X. « 0,  n. > 0, X. L  I, then the vector n with these 
.^,11      i      i 

n.'s as non-zero ternu determines an infinite ray). 

To simplify notation, for the remainder of this section, M (•) 

will be abbreviated M(-).  Note that M (X) > v(X)  for X e x- 

Let K » {X e V|M(X) > - « and M(P - n*X) > - »  for some 

n* > 0}. The following properties of K are easily proved: 

i)  P e K,  since M(P ) = p > - » and M(P  - n* P ) > - ^ 
o o^o o     o 

for r*  =  I,   say. 

ii)  x ( K. since property B     of the definition is equivalent to 

M(P   ri*X) > - «x. for some n* > n. 
o 



iii)     If    X e  K.    M(X)    <    i, M(Po)     -    ^ M(Po -  n*X)   < -. 

Let    K * {(X, i)|X e K, z  e R. M(X)  - z  > 0}, where    R    is the 

real line, and let    B « {(c X ,|c \ ) c > 0}. 

Lenma 2 K    convex,    B convex, and    K • iB = 0 

Proof: 

Suppose the points (X., z.) and (X-, z«) are in K. Let t 

be arbitrary in 0 < t < 1. We show first that X- = tX. ♦ (1 - t)X2 

is in the set K. By the definition of K, there is an n.  such that 

M(P - T).    x.) > - »,  i ■ 1, 2. Suppose (without loss of generality) 

*     *       *   * * 
that n,  1 nj , or "^ - n, > 0' T,ien M(p0 " ni *%) 

- M(Po - nj tXl -  nj(l - t)X2) 

- M((l - t)Po ♦ t Po - tn* X1 - (1 - t)(n2 X2 - (n* - n*)X2) 

• M(tv o - nj xp ♦ (i - t)( o - n2 X2) ♦ (1 - t)(n2 - n*)X2) 

> tM(Po - nj Xj) ♦ (1 - t) M,Po - n2 X2) ♦ (i - t)(n*  Oj) M(X2) > • 

Also M(X3) > t M(X ) ♦ (1 - t) M(X2) > - «,  so X3 is in K. Note that 

we have thereby shown that K is convex. 

To show K is convex it remains to show that 

M(X ) - z3 > 0, where z. = tZj ♦ (1 - t)z2. But 

M(X3) - z3 > t(M (X^ - Zj)  ♦  (1 - t) (M(X2) - z2) > 0,  so the 

convexity of    K is proved, B is clearly convex, and since 
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M(c X ) - c v  = Ü,  fo  c > 0, & ■'■     • i. Q.E.L. 

A subset of a linear space is called radial at a point X if 

for each vector of Y e V there is a T > 0 for which 0 < t ^ T 

implies X ♦ t Y is in the subset. We wish to demonstrate the existence 

of a X feasible for problem I such that A(X ) = v . This will depend 

on whether the set K is radial at some point. 

Proposition 3. 

For a weakly balanced generalized game, K is radial at 

( 

r 
p  (p  - i) 
0   0 

Proof: 

P 
Suppos"  (Y, z) e V x R is g5"^n.  We show first that j— + tY is 

in K iv/ t small en:igh. Since    spr s V, by :-eorci.ring he 

indices such that n. > 0 for 1 < i < k and n. < 0 for k + 1 < i < n 
i ' _  _        j -  - 

we can write 
n ^ M- i *      n h- | » 

Y = I n. X. = I -i n. X - y 4 ^ x- • X e x .'••ii .'•. n* i i . .^ ,n* i i A
i t- x 

1=1        i=l  i    1  i=k+l i 1 

* * 
Here each n. > 0 is such that M(P - n. X.) > - ^i  these constants 

1 Oil 

exist by prcnerty B of the definit  on of a (.eneralized game.     For each 

i,   let      -~ v.   > 0. 
ni 

n 

I 
i»l 

n -1 
Let    T.     =     (2    J^    v.)"     >0,    and suppose    ^  <  t   <^ T. 

1.     See   [7]  Chapter  1. 
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p 
c r To show «2. ♦ tY e K, it sufficies to show that M(x^ *  tY) > 

P 

if 
and that P P 

M(Po -   (j2. ♦ tY))    =«      (j^ -  tY)  > - ».    These results  follows 

from the folio ing rela'-ions. 

P                            P              k              n n 
M(^.  tY)     »    MCji.tCl v ♦    l» -  I v)P 

lal l=k*l 1=1 

t( I v.   n* X.     -    y v.   n* X.)) 
.'■,1    i    i     . r ,i    i   i 

M 
1 n                       K                       * n * 

((i- -  t y v.)P ♦ t I v. CP    ♦  n.   X.) ♦ t y v. (P    - n.   x.)) 
2 >,   10        >,  i v o        i    i .   .'■,  i o        i    i" i=l                  1=1 i=k+l 

. n k • n * 
>     (T -   t  y  \   )   M(P )       t  y u.   M(P    ♦   n.   X   )       t  y v.   M(P     -  n.   X.)   >  - 00 

1=1 i«l i=k*l 

since    M(P    + n.   X.) > - *      for all  i and all coefficients are non-negative, 
o-ii 6 

Similarly 
P 

M(^   -  ':Y) 
.11 N ^ 

M({T -1 y vjp ♦ t y v(p - n. x.) vv2        >, i7  o        .'-, v o        i    i i«l i=l 

n 
t  y    v.(P    + n.  X.))  > - », 
.,.10 i     i i=k • 1 

so    j^ * tY  c  K, 

I , r r 
Now let    T2  = raindj,    ^-/|M(  p ♦ Tj  Y)   -    ^    - Tj  z|)  > 0, 

P P 
since      —    + Tj Y  E K    and hence M( —•    ♦ T1 Y)   < -. 

We will --.how that 
rü        1 M{ ^    +  tY)   >      jü    . J. ♦ tz      for    0 ^ t  ^ T2. 
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P P      t   P      ,.   P 
Now  ri(^ ♦ tY)  = M(^ . ^- ji + f- ji + tY) 

P P 
>_    il  -~)  M{^ ) ♦ 1- M(^ + Tj Y) 

p        p       r p 
M(-£_, tY)  - MCjO)  > ^ [M(,,l+llY,  - MC^).. 

Therefore, 

PP. P P 
0     .v.      r  O     1 1  ^  t  r  O     T   VI      M/-  O  .      _,     1      1 M(^ + tY) - [^ - i- + tz] > ^ [^ + T, Y) - M(^ ) - T, 2] + — 

12 

— T LI; - 12 2    J -fl2~   1 ; ' (T~ '   '    1 J  2 

Now by the defintion of the range of t, it follows that 

-T,     V P T. 
_.  M(v + T1 Y) - -- i  2 < ^ , 

P p 
and therefore,  ^r- [M(^ + T Y) - p. - Tj z] > - i 

Hence M^ + tY) '   iy' -  J    ♦ tz] > 0 for 0 ^ t < T 

So (-f- .  y- -  p*  t(Y, z) c K  for Ü < t < T     Q.E.D. 

It is in, cresting hat properties A ind B us^d in defining a 

generalized grne are necessary to the above result. 

Proposition 4: 

If K has non-void radial kernel and M(P )  >  - ^,  then x spans 

V and, for each X e x, there exists n* > 0 such that M(P - n*X) > - *. 
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Proof: 

Suppose K is radial at some (X , z ), and let Y c V.  X e x 

be given. Then there exist t , t» > 0 such that 

(W, z0) 5 (X0 + tj Y, z0 + t  • 0) e K  and 

X0 - t2 X, z0 + t2 • ( i e K. 

Hence Y = —^ , with W and X0 in K. But K is spanned by x. 

since M(X) > - ■»>    for all X e K.  So Y is in the span of x- 

To prove the remaining assertion, we note that X  in K means 

o       o * 
- » < M(X ) and X + t_ X in K means there is an n > 0 such that 

*  o * 
M(P - n- (X t- t2 X) > - ", by the definition of K. Setting n* = n- t 

we have :i( ) - n* X] >_ M(P0 - r* (X0 + t2 X)) + r^  M(X0) > - «. 

Theorem 5: 

There exists a linear functional  A on V, feasible for Problem I, 

such that A(X ) = v . 

Proof: 

ly   Lev   i 2 . ".d Tropos'tion 3, '> anJ B are disjo^nt convex sets such 

that K is radial at some point.  By the theorem of the separating hyper- 

plane (see [7], page 22) there is a non-trivial linear functional F(X, z) 

on V x R such that 

sup  F{X,  z)  <^ inf  F(X, z) . 

(X, z) e K (X, z) e B 
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F(X, z) has the following properties: 

(i) inf  F(X, z) <_   F(0, 0) » 0 since (0, 0) E B and F is linear. 

(X. z) c B 

(ii) sup  F(X, z)  > F(ixo, i(v0 - 1)) = J-F(Xo. V0 - 1) ■> 0. 

(X, z) e K 

since ( - X , - (v - 1 c K, where    = (X ), 
n o a  o o   v u 

(iii) inf = sup = 0, from (i) and (ii). 

(iv) F(Po. po - 1) < Ü. For. let  (Y. z)  such that F(Y. z)  >  0. 

By proposition 3, for t > 0 small enough 

P   , 
cr ' i^o - 1)) + t(Y■ z)  is in K- 

P  p 
But F(PV .o - li < F(Po. rc - r v 2t : (Y. z)   < 2F(^-. f- .  \)   + tCY.z))^ 

(v) F(X, z) = f(X) + YZ for f linear on V and some Y e R, 

(vi) fCP^) + Y(p - 1) < 0 <^ f(P ) ♦ Yp  implying Y > 0. 

In order to apply theorem 2 of Fan-Glicksberg-Hoffman [8] we observe 

that -\K[>    + z is a convex sys •n of one inequality on the convex set 

K x R. . urth • f(X) •- yz is linear nd ! ■ nc- conca.e, and -M(X) + z < 0 

(X,z) c K '*  f(X) ♦ Y
Z
 1 0. Therefore, the generalized Park's-Minkowski 

type theorem of Fan-Glicksberg-Hoffman [8] asserts the existence of k > 0 

such that 

f(X) ♦ YZ < k[-M(X) ♦ z] for all [X, z) e K x R. 
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Since  (0, 1) and (0, -1) are in K x R, it follows that 

f(0) ♦ > <^ k[-ri(0) ♦ 1 and therefore y 1 k.  Similarly 

f(0) -Y  < k[-M(0) - 1]  implies -y    <_ -k. Hence k = Y > 0, and 

-f fX) 
r - >^M(,>i for X e K. Here w. use Hie fact that M(ü) = 0, for 

otherwise M(X) = ♦ » for all X, and in particular M(X )  -  </    = °°, 

a contradiction, 

-f fXI For each X E K, let ,\ (X) * —^- . Since K-x and x spans 

V, this induces a linear functional A on all of V, with the properties 

that 

(i)  A--) i   M(X)  for X e  .  and hence 

(ii)  X(Xj > M(X)  >_ vTX)  for X E -,, ro A _s feasible for problem 

I, and 

(iii)  0 > A(X ) - v > M(X ) - v =0,  so A(X ) = v    Q.E.D. 
-   o    o - v o    o   '      y oJ        o        x 

Later on, we will use the fact that this proof does not rely on X E x 

except in the implicit assumption that M(X ) = v > - 0D, v>hich follows 

from X t- x • o 

Corollary 6: 

If v = v(X ), the core is non-empty. 

The next proposition gives sufficient conditions that the functional 

values {A(x)|x e x) constitute a bounded set. While the hypotheses may 

appear strong, they are satisfied by the examples given earlier. 
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f'opositj n 7: 

Suppose f;r a weakly balanced gajL. 

i) There is a P , with - * < M(P ) < », and an ii > 0 such that o o 

M(P - nX) > - » for all X e x,  and 

ii) There is a set n x such that v(P) = 0 for P c TT and 

X(PJ 
\   (X) > - -  for X E x.  Then  |X(X)|^ —-Ü- for all X e x  and A 

i 

as found   In  Th orem 5. 

Proof: 

Hypothesis (ii) implies that M (X) = 0 for all X c x,  so since 

TT _ x, it follows that M (X) ^ M (X) s 0  for all X c x-  For any Y c V 
x n   ' 

II (Y) > - ^  implies Y = F n. X.  with  n. > 0 and X. c x-  Hence 
X r        ^j i  i        i -        i  A 

n 
■' CY) >, I      i. M (X ) > 0. 

In the proof of proposition 3, we showed that the set K contained 
P 

an interval on an arbitrary ray (Y, z) from the interior pc;nt {—- , 

Po  1 
2 2 )•  Let that ray be (x» 0) t0T &xxy    x e x» in which case hypothesis 

P 
(i) implies that the choice T. = j guarantees that M (j- ♦ j \)  >   - * 

since the ccression of X  in teiiS of men'' jrs of x  is trivial. 
P 

This means tha .  T~ 1 y x  is in K, .ind „Isc that 

P 
Mx(^ * ^X)  > 0. 

^^i 
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X is also in K by property (ii) of that set.  By property (i) of the 

functional X, 

Hut  A(P ) ■-    x(P + r, X)  + A(n X) > ♦ A(n X), or 

A(Po) 
|A(X)|  <^   . This bound is independent of the choice 

n 
of X c x-       Q.E.D. 

Hypothesis (i) of this proposition is a "uniform" version of property 

B in the definition of a generalized game. The set IT might be called 

a slack set, by analogy with finite linear programming.  If x contains 

a slack ^et, Then the equality signs in the definition of weakly balanced 

can be changed to S wh. re the ordering is thaw which is ind ":-J by the 

positive cone generated by n. The inequalities A(P) ^0 which will 

appear in problem I are equivalent to a requirement that X be a positive 

linear functional. 

An alternative approach to proposition 7 might be to equip V with 

a topology, state conditions such that X will be a continuous linear 

functional and restrict x to be a bounded set, in which case (see 

[7]. Paße 45) the range set X(x) will be bounded,  in particular,  X 

will be continuous if x includ«e a slack set containing an open set 

(in fact it need be only a Baire set of second category), by [7] theorem 

10.10, since x is bounded below by 0 on the slack set. Other conditions 

U.N.^I^MMHi 
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similar to those of Proposition 7 can be stated in order that    A    be 

continuous.    However in applications attention is focused on    A    restricted 

to coalitions,  since no interpretation a'heres to the remaining elements 

of V,  so Proposition 7 has been dealt    with in a topology-free manner. 

5.      Chara  "erization of Redundancy and the Farkas-Minkowski Property 

Soi.ie of  .ne inequalities    A (X  )     v(X ,,  >    EX    -lay hold automatically 

for every    A    satisfying a system of such inequalities on a subset    ty   . x- 

If this  is  the case,    A(X )   > vfX  )     is  said to be redundant with respect v a' _   a  *  

to £. We will be concerned with the non-trivial case X ^ v.  If 

A(X ) > v(X )  is redundant with respect to i; = x - iX }, the coalition 
ct - v a ^      T  A    a ' 

X  can be ignored in determining core membership. Furthermore, a new 

coalition,  X,,  might be sought such that A(XQ) > v(X,)  is redundant 

with respecv to \p    = ^ - {Xft}.  In the finite game case, conditions can 

be given under which reiteration of this procedure leads to a characteriza- 

tion of core membership in terms of coalitions each consisting of a single 

player [9]. Leaker results are available in the generalized case. 

For a given subset ^ " x, denote the subspace of V generated by 

i^ as V,.  Note that if X ^ V,,  X(X ) > v(X ) cannot be redundant with 

respect to  j>.  This follows from the fact chat in this case A can be 

defined as  A - (A , A ), wher«  A  acts on he ont-dimensio;al subspace ay ot ' 

spanned by X , and A  acts on the subspace spanned by  x - ix ).  But 

inequalities arising from members of v  affect only  A .  SJ  A (X ) may 

be made less than v(.X )  for any function v. 
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It turns out that when M (X ) > - «> necessary conditions can be 
V a' 

given tha'  A (X "I >_v(X ) be redi- !ant \ ith vesject to ^. However these 

conditi ms ar» shown sufficient only 'hen ^ has an additional property. 

Fortunately, any ty    can be enlarged to a subset with this property, as 

follows: 

Let F be a linear mapping from V onto V  such that F(Y) = Y 

for Y e V  (the existence of such an F is shown in [10], page 241).  F 

F is called a projection of V onto V .  L^t i    = {X £ x|X e iy or 

F F   F 
M. (FCX)1 = - °°}. Note that (i|, ) = M,   ,   so  that it is reasonable to deal 

F 
with sets such that i>   • ii  .    The discussion of redundancy ' i the most 

p 
part will be limited to sets \p    such that 41=^  for some projection F. 

F 
Since ip ; ij/, necessary conditions for redundancy with respect to 

i)      are also necessary for redundancy with respect to i|*. Furthermore, 

if X ^ and M,(X ) > - » then X e V,  so F(X ) = X   and hence a ^va a        41 vaa 
F F \    i ^   .    Thus the enlargement of ^ to ^  does not reduce the question 

of rec'unde 'y t' a trivial one. 

Th-- resi'lts of this section foil v f-om this lemma: 

Lemma 8  Suppose for a weakly balanced game  (x. X ; v), 4» . x satisfies 

F 
i)    = ii    for some projection F and X E x  satisfies M^X ) > - aD. Then 

inf{X(X )ix(Y) > v(Y), Y c 1^} E A^CX^) = M.CX ), where A ranges 

over all linear functionals on V. 

Proof: 

The result will fellow from the application of Pheoreiii S to a game 

over the subspace V . Recall that the definition of a generalized game 

required the existence of an element P  in V such that for each X e x. 

M (P - n*X) > - " for some n* > 0. We must demonstrate the existence of 
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an element in V  corresponding to P . 

Let F be the projection given by the hypothesis. Let P* » F(P ); 

it will be shown to have the desired property. Given Y t ty,  since 
n * * 

Y e x    we can write    >   n.  X.  + n Y ■ P     for some    n.n    > 0   and   X.  e x- 
L    i    i o v     — i 

Since    F    is  linear,    P*   = F(P ) = [ n.   F(X.)  + n*F(Y).    But since    Y e i^, 

F(Y)  = v      If    X.   e ^,  PCX.) = X.    so    M^ffCX.))   >   - -.     If    X.   ^    then 

M  (F(Xi))  > - »    since    / =1^.  so   M  (P*  - n\)  = J n.  M(F(X })>-". 

For any    X. e i^,  this shows that    (ip»  XA, v )    is a generalized game, where 
^ 

i> 
is v restricted to 4* 

Furthermore, (ii,  X • v )  is weakly balanced.  The above paragraph 
n 

shows that P = ) n- Y. with n. > 0, Y. e ij/^ x-  Let n- > 0 such 
o  .^ 1 j 1   ' j A       1 

that M (P - n. Y.) > - «, let v. = n./n , i = l,...,n, and let 
X o   1 j' iii' »  . . 

•        •                                 ' ' 
w =    ( 1 ^J      * 0.    If    M.(P ) = n,  men   M (^P )   = >-    since    ^ ,,; x-    Then 

M  (P )   = M (P    - UP*  ♦ UP*)     = M (P    -  u J v.   n* Y.   ♦ uP') 
X    o7        x    o         0          oJ x    0 ^    1    1    j          0' 

» M (ii J v.   (P -  n* Y.) ♦    pP*) 
x^-io       ij oJ 

> uj v.  M  (P    - o* Y.)  + uM  (P )     > » , 
-   ^   1   x   0       1   j x   oy    - 

a contradiction, so M (P ) < « and (tyt  X ; v.)  is weakly balanced. 
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Kurt'.r. loie,   M   (X  )  >   -  <»    by assumption. '     ty    a 

If    X    E ^,   then the above shows    ill,  X  : v)   is a weakly balanced 
a a 

generalized game and by Theorem 5 there exists a  linear functional     A    with 

>. (Y)  > v(Y),    Y t   *    and    X{X )  = M  (X ). 

Since Theorci 5 Joes not   -'epend oi.    X    t  \li      so   xonc as    M  (x   *     ^   - » 

(see note following Theorem 5)  this equation holds in any ca.se.    Bu: an> 

A    with    A(Y)  > vCY),  Y  e  ^ satisfies 

A(X )  = A( y n.  X.)  = y n. A(X.) > y n.  v(X.) ^ a '-11 *•    i i    - L     l i 

where X    =  y  n.   X.,   n.   > 0, X.   e ij/,  so therefore    inf    A(X  )   = M   (X  ) a       L     1     i'     1   —    '     1 a' vu 

Propositic    9:      Characterization of Re 1 nda'  y) 

F 
Let    (x,  X  ;   v) be a weakly balanced game and    ty * ty       x- 

If    M (X )   >   - «    for some    X    ex,     4>  t X>   (XiX;v) weakly  balanced, 

then the constraint    ^(X  )  > v(X )     is redundant  with respect  to    $     if 

and only  if    M  (X   )   > v(X ). 

/oof: 

Consider the dual programminj; problems 

1 II 

L    -:  inf    A(X ) 

subject  to     A(Y)   > v(Y) 

all  Y   t   > 

W   '-   sup    I  n    v(YJ 

subject  to 

F n , Y    = X 
tif.D 

ri      >   0 
C   - 

where  B runs over all   finite   irdex  sets 



Since    M  (:'. )  > - «,    ..  (X )  =  I.     Ly Lcima f-.     -"he conclusion nc»  follows 
1^    a jy    a v 

by observing that    A(X )   > v(X  )    is redundant with respect to    v   iff 

L,     > v(X ). 
ij)    - a 

Proposition 10: 

Let  (x» X ; v) be a weakly balanced gar.o and let X c ^ = ^   -   x- 

uppose tl . t .h' set T = {Y c ^|M (X - n*Y"1 > - » for some n* > 0} is 

non-empty. Ther A(X ) > v(X )  is redundant with respect to ' if and 
a -   a 

only if it is redundant with respect to    iji. 

Consider the dual problems  in Proposition 9,   and the following pair 

(IT) (IIT) 

L    =  inf    A(X ) M  (X )   i  sup    I    nft v{YJ 
B'     ßcB'   c P 

subject to    \(Y)  > v(Y) 

V  c  T 

subject  to      I    n    Y    = X 
t-tB'   u 

where B*  ranges over all.finite j.idex sets of T, 

Since   M (X )>-«>,   it follows that    M  (X )   >  - ».    Also M {X )  < « 

since    M(P )  < <»  (see the argument of Lemma 8).     If    X    E T,  then 

(T,  X  ;   v)  is a generalized game with    X      playing  the role of    P  ,  so 

Theorem 5 yie'ds    LT    = MT(X ).     But    Theorem 5 does not  depend on 

Ä    e T  ,  • i    ^    = MT(X )     in any case. a i T    a ' 

Compare (1^.)    and  (il-).     If    n    is feasible  for    II      l^z non-zero 

components can be used to form a feasible solution  to II   ,  sinje    T"    i/. 

Conversely,  if    n    is  feasible  for    II   ,  all  conjionents corresponding to 

members  of    ^  - 1   are  zero.    This follows  from the definition of    r,   since 
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the appearance of a n. > 0 with X. t * - T means that X. t T.  So n 

is feasible for  IIT if and only if n is feasible for !_,  so 

L, = MT(X ) - M, = L(. Hence X(x ) > v(X ) is redundant with respect to 

L > v(\ ) tr^ Lr > v(X )  , X(X ) > v'X ) is redundant with respect 

to T.      Q.b.D. 

Note  that  in the case of examples  1  and 2 that    T    consists of all 

characteristic  functions in    ty    of sets    A e J    such that    A .' S   .    where 

X      is the  characteristic function of    S   .     In the finite case Propositions a a r 

9 and 10 reduce to Propositions 10 and 9 of [3],  respectively. 

The cor>"ition that    T    / $    is  essentia1. to proposition 10: 

Let    J.        ■ the field of all subs  •s o' [0.   1],  l^t    x    be the 

corresponding set of characteristic functions, and let    X      L^ the 

characteristic function of the set    (O).     Furthermore, define    v(X)  = 0 

for all    X    except    v(X )  ■ 1    and    v'Y )   =2    for    Y    the characteristic r or v n n 

function of the closed interval [0,  i ],    n = 1,  2,  3,...,.     If    ij = * = x  - Xal 

then    T    =  $.    Clearly    A(X )  > v(X )  »  1    is not redundant with respect 

to    T,    bur  if    MY ) ü 2    for all    n,    X (X ) > 2 > v(X )    so    MXJ  > v(Xa) 

is redun ''nt with respect to    *l>. 

The following example points up the  importance of the a '.caption 

M  (X )  >  - »    in the above results. 

and    x "  (X^,  X  ,  X  |y > 0}.     If we define   v(X )  = -tan'V ♦ y(l  ♦ y2)'1. 

v(X  )  »  -i    and    v(XJ  = 0,  then  (x,  X  ;   v)    with    P„ =   (j)     is a weakly 
01 £ D 01 Oi 

balanced ge.eralized game  (see  [11]   for a d>tailed discussion of this game in 

terms of semi   .nfinite nrogramming.)    Af    ,  =   , -  {X  J ,  then    >'    c. V     and 

M  (X )  = 0D.    Nonetheless    X(X )  > v(X )     is redundant with respect to   ii. 

However  if we redefine    v(X )   >   •  j    then    x(Xa)   > v(Xa)     is not  redundant 

with respect to    i>. 
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be unclaaaified. Each poragraph or the abs ract ahsll end w!th 
an Indication of the military secu rity classHl c ation of the in· 
formation in the paraeraph, represented u (l "S). (S) , (C). or (U) . 

There Ia no limitat.on on the len.tth or the abs tract . How· 
ever, the aucp;eated lencth is from ISO t? 225 words . 

14. K.c.i' WORDS: Kf'y words arc technically meanineful terms 
or ahort phrasea that cha ra cterize a re port and may be used aa 
index entries for c e talocin& the report . l' ey wo rd~< mus t be 
selected so that no secur ity cl e~ if1co tl on i s requ ire d. lde nli· 
tiers, auch as equipment mo I der.ig:l9tlon, tra de na m , military 
project code name, ~te o ;:rnphlc loco t "on, mn1 used e key 
,.,ords but •1ill be fo ll owed by c"\ i n~i-;a t ' on nf te-:.hnlcal c on­
text . The oss lgnm nt of li nka, roles, and ILl .l• u l :> OptionAl. 
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